
Lecture 20

Unbalanced Data
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Unbalanced Data

I What if some of the data is missing, or the design is
unbalanced for some other reason?

mean
WT -0.259 -0.232 -0.245
A absent -0.390 -0.390
B absent -1.040 -1.868 -1.954
AB absent -2.689 -2.500 -2.595

Gene B
Gene A present absent
present ^� 11 = −0:245 ^� 12 = −1:954
absent ^� 21 = −0:390 ^� 22 = −2:595
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Unbalanced Data
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Unbalanced Data

Df Sum Sq Mean Sq F value Pr(>F)
A 1 0.9898 0.9898 90.2290 0.0024739 **
B 1 6.0627 6.0627 552.6989 0.0001686 ***
A:B 1 0.0985 0.0985 8.9751 0.0578598 .
Residuals 3 0.0329 0.0110

Df Sum Sq Mean Sq F value Pr(>F)
B 1 6.7269 6.7269 613.2496 0.0001444 ***
A 1 0.3256 0.3256 29.6783 0.0121476 *
B:A 1 0.0985 0.0985 8.9751 0.0578598 .
Residuals 3 0.0329 0.0110
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Unbalanced Data

I The ordering of the terms a�ects the sequential
decomposition of the total sum of squares. What is the
appropriate F-statistic?

I The test for interaction is OK because the interaction term is
added last. Hence, in both cases the test for interaction
concerns the partial e�ect of interaction after controlling for
the main e�ects.

I If the interaction is not signi�cant, how can we test the main
e�ects?

I Recall the the main e�ects are linear contrasts among the
treatment means

A main e�ect � 11 + � 12 − � 21 − � 22

B main e�ect � 11 − � 12 + � 21 − � 22
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Unbalanced Data

I As before, we estimate a linear contrast by replacing expected
values by corresponding sample means

L̂ =
tX

i=1

ci �yi �

I The variance is given by

var(L̂) = � 2
tX

i=1

c2
i

ni

whereni is the sample size for thei th treatment combination
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Unbalanced Data

I The t and F statistics for testing whether the contrast is zero
are given by

t =
L̂

se(̂L)
F =

L̂2=
� P t

i=1 c2
i =ni

�

�̂ 2

I The numerator of theF -statistic is the sum of squares due to
the e�ect measured by the contrast (e.g. main e�ect of A or
B).

I For the mRNA unbalanced intensity data

X c2
i

ni
=

1
2

+
1
1

+
1
2

+
1
2

=
5
2
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Unbalanced Data

I The estimates of the main e�ects of A and B are

L̂(A) = −0:245− 1:954 + 0:390 + 2:595 = 0:785

L̂(B) = −0:245 + 1:954− 0:390 + 2:595 = 3:914

I The relevant sums of squares for the main e�ects are

SSA = 0:7852=(5=2) = 0 :2463

SSB = 3:9142=(5=2) = 6 :1270

I Notice that these values do not agree with any of the values
in the sequential ANOVA table. These are the partial sums of
squares due to the main e�ects in the full model (with
interaction). They are sometimes referred to aType III sums
of squares.
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Unbalanced Data

I In JMP the effects tests table uses the appropriate sums of
squares

Parameter Estimates
Term Estimate Std Error t Ratio Prob>|t|
Intercept -1.295945 0.0414 -31.30 <.0001
A[n] -0.196175 0.0414 -4.74 0.0178
B[n] -0.978436 0.0414 -23.63 0.0002
B[n]*A[n] -0.124028 0.0414 -3.00 0.0579

Effect Tests
Source Nparm DF Sum of Squares F Ratio Prob > F
A 1 1 0.2463028 22.4537 0.0178
B 1 1 6.1269624 558.5532 0.0002
B*A 1 1 0.0984514 8.9751 0.0579
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Unbalanced Data

I In JMP the contrasts are divided by 4 (the number of means
involved).

I Consider the main e�ect of A, assuming no interaction:

1
4

{(� 11 + � 12) − (� 21 + � 22)} =
1
2

(� 1 − � 2)

I By dividing by 4, the e�ect becomes the deviation of level 1 of
factor A from the overall mean (i.e. half the e�ect of
removing gene A assuming no interaction).

1
4

{(�̂ 11 + �̂ 12) − (�̂ 21 + �̂ 22)} =
0:785

4
= 0 :196

I Why do the JMP coe�cients have the opposite sign?
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Polynomial E�ects

I Consider a designed experiment in which a continuous
predictor, X , is set att equally spaced values, and r replicate
measurements are taken at each level.

Example 15.32: Heat loss for thermal panes. A sample of 10
panes are assigned at random for evaluation at 5 test
temperatures, 0, 20, 40, 60, and 80� F (2 to each
temperature). The interior temperature is controlled at 70� F.

Outside temperature
0 20 40 60 80

----------------------------
10.2 9.2 9.0 8.1 7.2
10.8 9.8 9.9 8.1 7.8
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Polynomial E�ects

I Let xi denote thei th treatment value.
I Let � i denote the expected response at thei th setting.
I If the mean response is linear inX , the slope is given by

� 1 =
P t

i=1(xi − �x)( � i − �� )
SSX

=
P t

i=1(xi − �x)� i

SSX

I Note: This is precisely the OLS estimate of the slope based on
the pairs, (x1; � 1); : : : ; (xt ; � t)

Booth: 602 Fall 2008, Weeks 8-9 12/1



Polynomial E�ects

I The slope of the linear relation between� and X is a contrast
among the treatment means

� 1 ∝
tX

i=1

ci � i where
tX

i=1

ci = 0

I We can test for a linear trend by testing that an appropriate
contrast is zero. The coe�cents should be equally spaced,
and sum to zero.

t Contrast coefficients
---------------------------
3 -1 0 1
4 -3 -1 1 3
5 -2 -1 0 1 2

---------------------------

Booth: 602 Fall 2008, Weeks 8-9 13/1

Heat loss example...

I ANOVA table with temp as a 5-level factor

Df Sum Sq Mean Sq F value Pr(>F)
temp 4 11.524 2.881 15.243 0.005235 **
Residuals 5 0.945 0.189

I Sample means and contrast coe�cients for assessing the
linear e�ect of temp:

temp 0 20 40 60 80
mean 10.50 9.50 9.45 8.10 7.50
coef -2 -1 0 1 2
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Heat loss example...

I Estimated linear e�ect oftemp:

L̂ = −2(10:50) − 1(9:50) + 0(9:45) + 1(8:10) + 2(7:50)

= −7:4

I Estimated standard error:

5X

i=1

c2
i
2

=
4
2

+
1
2

+
0
2

+
1
2

+
4
2

= 5

ŝe(L̂) =

vu
u
t �̂ 2

5X

i=1

c2
i
2

=
√

0:189× 5 = 0:97
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Heat loss example...

I Sum of squares explained by linear e�ect oftemp:

SS(L) =
L̂2

P 5
i=1 c2

i =2
=

(−7:4)2

5
= 10:952

I Variation due to temperature is almost entirely explained by a
linear e�ect!

I F -statistic for testing the linear e�ect is

F =
SS(L)

�̂ 2 =
10:952
0:189

= 57:947

I The F -statistic is the same as the square of theT -statistic:

T 2 =
�

−7:4
0:97

� 2
= F
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Heat loss example...

I Analysis treating temperature as both a numerical predictor
and a categorical factor

Analysis of Variance
Source DF SS MS F Ratio Prob > F
Model 4 11.524 2.881 15.2434 0.0052
Error 5 0.945 0.189
C. Total 9 12.469

I Type III sums of squares (partial e�ects)

Effect Tests
Source Nparm DF SS F Ratio Prob > F
tempscore 1 0 0.000 . . LostDFs
temp 4 3 0.572 1.0088 0.4617 LostDFs
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Heat loss example...

I The treatment sum of squares separates into linear and
nonlinear components by �tting a model with the temperature
score before the temperature factor.

Sequential (Type 1) Tests
Source Nparm DF Seq SS F Ratio Prob > F
tempscore 1 1 10.952 57.9471 0.0006
temp 4 3 0.572 1.0088 0.4617
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Lecture 21

Analysis of Covariance
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Complete Pane Design Experiment

I The heat loss experiment involved 5 di�erent pane designs:
A, B, C, D, E.

I Ten panes of each type were randomly assigned to each of the
5 temperature settings (two to each setting).

I The objective of the experiment was to determine which
designs are best under the di�erent settings.

I No pane by temperature interaction would mean that the
designs can be ranked the same way regardless of the
temperature
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Complete Pane Design Experiment
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Complete Pane Design Experiment

I The ANOVA table indicates signi�cant interactions

Effect Tests
Source Nparm DF SS F Ratio Prob > F
pane 4 4 7.3228 7.9183 0.0003
temp 4 4 39.7788 43.0134 <.0001
pane*temp 16 16 10.9712 2.9658 0.0073
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Complete Pane Design Experiment

I Averaging the two replicates at each treatment combination
gives the table of means:

temp A B C D E
0 10.50 10.50 11.45 11.60 9.60

20 9.50 9.50 10.45 10.60 9.55
40 9.45 9.50 10.40 10.45 9.45
60 8.10 8.45 8.55 8.45 9.55
80 7.50 7.50 8.45 8.60 9.55

I The least signi�cant di�erence at the 5% (per comparison)
signi�cance level is

LSD = t(:975; 25)�̂
p

2=n = (2 :06)(0:481)(1) = 0:991
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Complete Pane Design Experiment

I Separate the linear and nonlinear e�ects

Effect Tests
Source Nparm DF SS F Ratio Prob > F
pane 4 4 7.3228 7.9183 0.0003
tempscore 1 0 0.0000 . . LostDFs
temp 4 3 2.3244 3.3512 0.0349 LostDFs
tempscore*pane 4 0 0.0000 . . LostDFs
temp*pane 16 12 1.7646 0.6360 0.7920 LostDFs

Sequential (Type 1) Tests
Source Nparm DF SeqSS F Ratio Prob > F
pane 4 4 7.3228 7.9183 0.0003
tempscore 1 1 37.4544 162.0000 <.0001
temp 4 3 2.3244 3.3512 0.0349
tempscore*pane 4 4 9.2066 9.9552 <.0001
temp*pane 16 12 1.7646 0.6360 0.7920
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Complete Pane Design Experiment

I Explicitly model design E as being di�erent from the rest

Sequential (Type 1) Tests
Source Nparm DF SeqSS F Ratio Prob > F
pane 4 4 7.3228 7.9183 0.0003
tempscore 1 1 37.4544 162.0000 <.0001
temp 4 3 2.3244 3.3512 0.0349
tempscore*IE 1 1 9.0601 39.1873 <.0001
tempscore*pane 4 3 0.1465 0.2112 0.8877
temp*pane 16 12 1.7646 0.6360 0.7920
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Complete Pane Design Experiment

I Model �t with \major" signi�cant e�ects

Sequential (Type 1) Tests
Source Nparm DF SeqSS F Ratio Prob > F
pane 4 4 7.3228 7.8598 <.0001
tempscore 1 1 37.4544 160.8047 <.0001
tempscore*IE 1 1 9.0601 38.8981 <.0001
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Complete Pane Design Experiment

� ij = � + � i + � tj + � E I (pane=E)(tj − 40)

Parameter Estimates
Term Estimate Std Error t Ratio Prob>|t|
Intercept 10.261 0.139 74.02 <.0001
pane[A] -0.478 0.137 -3.50 0.0011
pane[B] -0.398 0.137 -2.92 0.0056
pane[C] 0.372 0.137 2.73 0.0093
pane[D] 0.452 0.137 3.31 0.0019
tempscore -0.0193 0.003 -6.40 <.0001
(tempscore-40)*IE[0] 0.0188 0.003 6.24 <.0001
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Complete Pane Design Experiment
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Complete Pane Design Experiment

I We can compare pane designs A, B, C and D using pairwise
contrasts at a �xed temperature level, say 40� F.

I The least squares means are the estimated response means for
factor levels at the average value of the numerical predictors;
e.g. for pane design A:

Ŷ = 10:261− 0:478− 0:0193× 40 = 9:01

Least Squares Means Table
Level Least Sq Mean Std Error
A 9.01 0.152
B 9.09 0.152
C 9.86 0.152
D 9.94 0.152
E 9.54 0.152
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Complete Pane Design Experiment

I Contrast between LSmeans for pane designs A and B

Test Detail
A 1 Estimate -0.08
B -1 Std Error 0.2158
C 0
D 0
E 0

I The least signi�cant di�erence is

LSD = t(:975; 43) × se(ŶA − ŶB ) = 2 :017× 0:2158 = 0:435

A B C D
9.01 9.09 9.86 9.94
----------- -----------

I Pane designs A and B appear to be signi�cantly better than C
and D for all exterior temperatures.
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Analysis of Covariance

I In the pane design experiment it was assumed possible to
control outside temperature, say in a laboratory setting.

I Consider a completely randomized design involving a single
factor, in which sampling units come withcovariate values
aready assigned.

I Treatment means need to be adjusted so they correspond to
the same covariates values before comparisons can be made.
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Analysis of Covariance

I Example 16.1: Experiment to assess the e�ect of two
fertilizer treatments,slow-release (S) and fast-release (F) on
seedyield of peanut plants (in grams), compared to the
standard fertilizer, thecontrol (C).

I 30 peanut plants were randomly assigned (10 to each
treatment) in a greenhouse study.

I The researcher recorded the height (in cm) of each plant at
the beginning of the study as a measure of its development
and health.
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Analysis of Covariance
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Analysis of Covariance

I The plot indicates a linear increase in yield with height.
I Also, the slopes appear to be the same regardless of

treatment, suggestingno interaction between yield and height.

Analysis of Variance Table
Df Sum Sq Mean Sq F value Pr(>F)

height 1 0.472 0.472 31.7908 <.0001
treatment 2 213.904 106.952 7201.3001 <.0001
height:treatment 2 0.061 0.031 2.0627 0.1491
Residuals 24 0.356 0.015

Booth: 602 Fall 2008, Weeks 8-9 34/1

Analysis of Covariance

I Consider the model with no interaction:

yij = � 0 + � i + � 1xij + � ij

where

yij = yield from j th plant treated with fertilizeri
xij = height of tth plant treated with fertilizeri
� i = i th treatment e�ect, adjusted for height

� 1 = average e�ect of 1cm increase in height
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Analysis of Covariance

I We can compare the treatments on the basis of theiradjusted
means, the predicted yields at the average value of the
covariate(s).

�̂ i ;adj = �̂ 0 + �̂ i + �̂ 1�x��

= �yi � − �̂ 1(�xi � − �x�� )

I These are sometimes referred to asleast squares means.
I Their standard errors are given by

var(�̂ i ;adj ) = � 2
�

1
n

+
(�xi � − �x�� )2

SXX

�
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Analysis of Covariance

I For pairwise comparison of means we use

var(�̂ i ;adj − �̂ k;adj ) = � 2
�

2
n

+
(�xi � − �xk�)2

SXX

�

I This is not (in general) equal to the sum of the individual
variances because the adjusted means are not independent.

mean mean adjust
treatment yield height yield stderr

C 12.13 46.60 12.31 0.0411
S 15.83 48.90 15.89 0.0402
F 9.41 54.20 9.17 0.0418
-----------------------------------

12.46 49.90
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Analysis of Covariance

I The no interaction model �t in R indicates both fast- and
slow-release fertilizer treatments are signi�cantly di�erent
from the control treatment

Estimate Std. Error t value Pr(>|t|)
(Intercept) 9.529256 0.133573 71.34 <.0001
height 0.055810 0.002734 20.41 <.0001
treatmentF -3.144156 0.060374 -52.08 <.0001
treatmentS 3.571637 0.057033 62.62 <.0001

I Note that R makes the �rst treatment level (C) the reference
level.
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Lecture 22

Linear Models with Random Factors
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Linear Models with Random Factors

I Fungal Growth Data : Growth area measurements were
obtained for 31 isolates over a period of 5 days.

I The 31 isolates represent a sample from the population of
isolates.

I It is obvious that growth rates di�er among isolates.
I How should we describe the variability in growth rates?
I Can we explicity allow for random variability in growth rates

into the model?
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Linear Models with Random Factors
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Linear Models with Random Factors

I Fixed Factors: all levels of interest are observed
e.g. sex, race, car model, variety

I What is the di�erence in gas consumption (mpg) between
comparable car models made by di�erent companies; e.g.
Camry, Accord, Taurus?

I Compare the yields of six varieties of alfalfa.
I Random Factors: a sample of levels is observed

(from a large population of potential levels)
e.g. �eld plots, subjects, isolates, cars (same model)

I How variable is gas consumption (mpg) among Toyota
Camrys?

I Describe the variability of growth rates among fungal isolates.
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Linear Models with Random Factors

Fixed E�ects Model for a single factor experiment
e.g. Balanced completely randomized design

Yij = � + � i + � ij i = 1 ; : : : ; t ; j = 1 ; : : : ; n

I Independent normal errors:� ij ∼ N(0; � 2
e )

I With sum constraints,
P t

i=1 � i = 0,

� + � i = expected response to treatmenti

� =
1
t

tX

i=1

(� + � i ) = overall average response

� i = �xed e�ect of treatment i
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Linear Models with Random Factors

I ANOVA Table
Source DF MS EMS
Treatments t − 1 MST � 2

e + n� T
Error t(n − 1) MSE � 2

e
Total tn − 1

� T =
1

t − 1

tX

i=1

� 2
i

I Compare F=MST/MSE to F-distribution with df1 = t − 1 and
df2 = t(n − 1) to test hypothesis of \no treatment e�ect"

H0 : � 1 = · · · � t = 0
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Linear Models with Random Factors

Random E�ects Model for a single factor experiment
e.g. n replicate mpg measures for a sample oft Toyota Camrys

Yij = � + � i + � ij i = 1 ; : : : ; t ; j = 1 ; : : : ; n

� = overall mean mpg for car model

� i = random e�ect of car i

I Independent normal errors:� ij ∼ N(0; � 2
e )

I Independent normal random e�ects:� i ∼ N(0; � 2
� )

I � 2
� measures the variability in mpg among Toyota Camrys
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Linear Models with Random Factors

I Variance components model
I Typically assume that� i and � ij are independent

� 2
y = var( Yij ) = � 2

� + � 2
e

Source DF MS EMS
Treatment t − 1 MST � 2

e + n� 2
�

Error t(n − 1) MSE � 2
e

Total tn − 1
I Compare F=MST/MSE to F-distribution with df1 = t − 1 and

df2 = t(n − 1) to test e�ects variance is zero

H0 : � 2
� = 0 versus Ha : � 2

� > 0
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Linear Models with Random Factors

I \Method of moments" estimation of variance components:

�̂ 2
e = MSE �̂ 2

e + n�̂ 2
� = MST

�̂ 2
� =

1
n

(MST − MSE)

I Sample mean for an individual factor level (single car)

�Yi � = � + � i + �� i � var( �Yi �) = � 2
� +

� 2
e

n

I Mean over all factor levels (all cars)

�Y�� = � + �� + �� �� var( �Y�� ) =
� 2

�

t
+

� 2
e

tn
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Linear Models with Random Factors

I 95% con�dence interval for the overall mean is

�̂ ± t(0:025; t − 1) × se(^� )

where

�̂ = �Y�� and se(^� ) =

r
MST

tn

I In the car mpg example,� is the expected mpg for Toyota
Camrys.
The degrees of freedom is determined by the number of
Camrys in the study.

I Note: It is possible for the estimated e�ects variance to be
negative

Booth: 602 Fall 2008, Weeks 8-9 48/1



Linear Models with Random Factors

I Nondestructive testing for longitudinal stress in railway rails
Random sample of six rails tested three times each by
measuring the time (in nanoseconds) for an ultrasonic wave to
travel the length of the rail

Raw data
rail 3 3 3 1 1 1 5 5 5
time 55 53 54 26 37 32 78 91 85
rail 6 6 6 2 2 2 4 4 4
time 92 100 96 49 51 50 80 85 83

Sample means by rail
2 5 1 6 3 4

31.67 50.00 54.00 82.67 84.67 96.00
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Linear Models with Random Factors
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Linear Models with Random Factors

Analysis of Variance Table
Response: time

Df Sum Sq Mean Sq F value Pr(>F)
rail 5 9310.5 1862.1 115.18 <.0001
Residuals 12 194.0 16.2

I 95% con�dence interval for expected travel time (in the
population of rails) is

�̂ ± t(:025; 5) × se(^� ) = 66 :5 ± 2:57

r
1862:1

18
= 66:5 ± (2:57)(10:17)

= 66:5 ± 26:1
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Linear Models with Random Factors

I Compare with output from �xed e�ects model �t

Term Estimate Std. Error
Intercept 66.5000 0.9477
rail1 -12.5000 2.1191
rail2 -34.8333 2.1191
rail3 18.1667 2.1191
rail4 29.5000 2.1191
rail5 -16.5000 2.1191

I Standard error for ^� from summary output is much smaller.
I Why? What does� represent in this model?
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Linear Models with Random Factors

I In the �xed e�ects model � is the mean for the particular six
rails in the study.

I In the random e�ects model� is the mean for the entire
population of rails.

I Variance component estimates are

�̂ 2
e = 16:2 and ^� 2

� =
1
3

(1862:1 − 16:2) = 615:3

I Standard deviations: ^� e = 4 :02 and ^� � = 24:81
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Linear Models with Random Factors

I Fit in JMP with \rail" as a random factor

Term Estimate Std Error
Intercept 66.50 10.17
rail[1] -12.39 10.34
rail[2] -34.53 10.34
rail[3] 18.01 10.34
rail[4] 29.24 10.34
rail[5] -16.36 10.34
rail[6] 16.03 10.34

REML Variance Component Estimates
Random Effect Var Ratio Var Component Pct of Total
rail&Random 38.06048 615.31111 97.440
Residual 16.16667 2.560
Total 631.47778 100.000
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Linear Models with Random Factors

I Growth of fungal isolates

Yij = growth area for isolatei on day j

I We want to allow isolates to have di�erent linear growth rates
I Consider thefixed effects model:

Yij = � 0i + � 1i Day + � ij

I Since there are 31 isolates, this model has 62 (�xed e�ect)
parameters, and one variance component parameter (the error
variance)

I Also, this model is only really applies to the particular 31
isolates that were measured.
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Linear Models with Random Factors

I An alternative is a \random coefficients" model

Yij = ( � 0 + b0i ) + ( � 1 + b1i )Day + � ij

where

b0i ∼ N(0; � 2
0) b1i ∼ N(0; � 2

1)

are random deviations in the intercept and slope associated
with the i th isolate.

I This model has only two �xed e�ect parameters, the average
intercept and slope for the \population" of isolates.

I There are three variance components:� 2
e , � 2

0 and � 2
1
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Linear Models with Random Factors

I mRNA intensities : log10 normalized mRNA intensity values
obtained from real time PCR under four treatment conditions.
Three biological replicates under each treatment condition.

Rep.1 Rep.2 Rep.3
A absent -0.257 -0.390 -0.254
AB absent -2.689 -2.702 -2.500
B absent -2.040 -1.868 -1.470
WT -0.458 -0.259 -0.232

I Previously analyzed as completely randomized design with
twelve samples randomly assigned to four treatments (or
treatment combinations)

I However \replicate" might be considered a blocking factor;
e.g. if each replicates 1, 2 and 3 correspond to separate runs
of the experiment.
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Linear Models with Random Factors

I A potential mixed effects model is

Yij = � + � i + � j + � ij

where

� i = fixed effect of treatment i
� j = random effect of replicatej

� j ∼ N(0; � 2
� ) � ij ∼ N(0; � 2

e )
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Lecture 23

Balanced Single Factor Experiment
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Balanced Single Factor Experiment

I n replicate measurements at each oft levels

Yij = � + � i + � ij ; i = 1 ; : : : ; t; j = 1 ; : : : ; n

I Fixed effects

� = overall mean response

(averaged overt observed levels of the factor)

� i = �xed e�ect of level i
(average deviation of leveli values from overall mean)

� ij = random error associated with observation (i ; j)
(errors are independent fromN(0; � 2

e ))
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Balanced Single Factor Experiment

I Note: In the �xed e�ects setup, all the responses are
independent!

I Average response at leveli : �Yi � = � + � i + �� i �

E ( �Yi �) = � + � i var( �Yi �) =
� 2

e
n

I Average overall response:�Y�� = � + �� � + �� �� = � + �� ��

E ( �Y�� ) = � var( �Y�� ) =
� 2

e
tn

I The standard error for the overall mean for the six rails in the
(modified data) study is

�̂ e√
tn

=

√
MSE√

tn
=

20:52√
18

= 4 :837
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Balanced Single Factor Experiment
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Balanced Single Factor Experiment

Yij = � + � i + � ij ; i = 1 ; : : : ; t; j = 1 ; : : : ; n

I Random effects:

� = overall mean response

(averaged over the entire population of factor levels)

� i = random e�ect of level i
(e�ects are independent fromN(0; � 2

� ))

� ij = random error associated with observation (i ; j)
(errors are independent fromN(0; � 2

e ))
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Balanced Single Factor Experiment

I In the random e�ects setup, replicate measurements at the
same level of the factor are dependent beecause they share
the same random e�ect:

var(Yij ) = � 2
� + � 2

e cov(Yij ; Yik ) = � 2
�

I Positive correlation between replicates

� = cor( Yij ; Yik ) =
� 2

�

� 2
� + � 2

e

I Average response at leveli : �Yi � = � + � i + �� i �

E ( �Yi �) = � var( �Yi �) = � 2
� +

� 2
e

n
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Balanced Single Factor Experiment

I Sample means from di�erent levels are independent
I �Y1�; : : : ; �Yt� is a random sample fromN(�; � 2

� + � 2
e =n).

I Estimate population mean by sample average:

�̂ = �Y�� =
1
t

tX

i=1

�Yi �

I Standard error is given by usual formula

se(^� ) =

s
1
t

P t
i=1( �Yi � − �Y�� )2

t − 1
=

r
MST

tn
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Balanced Single Factor Experiment

I Con�dence interval formula is

�̂ ± t × se(^� )

wheret is a quantile of the t-distribution with df=t − 1
I The df given in Ott and Longnecker, 5th Ed. (bottom of page

980) is incorrect.
I The t-statistic for testingH0 : � = � 0 is

t =
�̂ − � 0

se(^� )

Compare to a t-distribution with df=t − 1 to assess
signi�cance.
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Balanced Single Factor Experiment

Non-destructive testing of railway Rails

I t = 6 rails, n = 3 replicate measurements
Source DF SS MS EMS
Rails 5 11227.7 2245.5 � 2

e + n� 2
�

Error 12 5054.4 421.2 � 2
e

Total 17
I Moment estimates of variance components obtained equating

mean squares equal to their expected values:

MSE = �̂ 2
e and MST = �̂ 2

e + n�̂ 2
�
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Balanced Single Factor Experiment

�̂ 2
e = 421:2

�̂ 2
� =

1
n

(MST − MSE) =
1
3

(2245:5 − 421:2) = 608:1

I The proportion of the total variance,� 2
y = � 2

� + � 2
e , explained

by variation between rails is estimated by

�̂ 2
�

�̂ 2
y

=
608:1

608:1 + 421:2
= 0 :59

I This is also an estimate of the correlation,� , between any pair
of replicate measurements on the same rail.
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Balanced Single Factor Experiment

I Overall sample mean is ^� = 61:1
I The standard error for the overall mean (i.e. the estimate of

the mean response for the population from which the six rails
were sampled) is

se(^� ) =

r
MST

tn
=

r
2245:5

18
= 11:17

I 95% con�dence interval for expected travel time (in the
population of rails) is

�̂ ± t(:025; 5) × se(^� ) = 61 :1 ± (2:57)(11:17)

= 61:1 ± 28:7
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Balanced Single Factor Experiment

Prediction of Random E�ects

I In the �xed e�ect setup, an estimate of� i is

�̂ i = �Yi � − �Y�� = deviation of sample mean at leveli from overall

I What does the data tell us about� i when it is a random
e�ect?
Answer: Thepredicted random e�ect at leveli is

�̂ i =
�̂ 2

�

�̂ 2
� + �̂ 2

e =n
( �Yi � − �Y�� )

I Motitivation: If n is small, we are sceptical about a sample
mean that is very di�erent from the overall. Hence, we
\shrink" the e�ect estimate towards zero, the average valuein
the population.
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Balanced Single Factor Experiment
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Factorial Designs with Random Factors

I (O&L problem 17.3) DNA content of plaque from three
subjects, divided into three samples, and assessed by three
analysts.

Subject
Analyst 1 2 3 Means

1 13.2 10.6 8.5 10.77
2 12.5 9.6 7.9 10.00
3 13.0 9.9 8.3 10.40

Means 12.9 10.03 8.23 10.39
I Both factors, subject and analyst could be considered random
I Randomized blocks design, with subjects as blocks, and

analysts as treatments.
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Factorial Designs with Random Factors
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Factorial Designs with Random Factors

I Consider the random e�ects model

Yij = � + � i + � j + � ij

� = population mean (all analysts and subjects)

� i = random e�ect of i th subject∼ N(0; � 2
� )

� j = random e�ect of j th analyst∼ N(0; � 2
� )

� ij = random error∼ N(0; � 2
e )

Source SS DF MS EMS
A SSA a − 1 MSA � 2

e + b� 2
�

B SSB b − 1 MSB � 2
e + a� 2

�
Error SSE (a − 1)(b − 1) MSE � 2

e
Total TSS ab − 1
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Factorial Designs with Random Factors

I Test H0 : � 2
� = 0 versusHa : � 2

� > 0 using F=MSA/MSE
I Test H0 : � 2

� = 0 versusHa : � 2
� > 0 using F=MSA/MSE

I Estimate variance components by the method of moments:

MSA = �̂ 2
e + b�̂ 2

� MSB = �̂ 2
e + a�̂ 2

� MSE = �̂ 2
e

�̂ 2
� =

1
b

(MSA − MSE) �̂ 2
� =

1
a

(MSB − MSE)
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Factorial Designs with Random Factors

Analysis of Variance Table
Response: dna

Df Sum Sq Mean Sq F value Pr(>F)
subject 2 33.236 16.618 729.561 <.0001
analyst 2 0.882 0.441 19.366 0.0088
Residuals 4 0.091 0.023

I Both variance components are signi�cant
I Estimates are

� 2
� =

1
3

(16:618− 0:023) = 5:53 � 2
� =

1
3

(0:441− 0:023) = 0:14

I Much more variability among subjects than among analysts
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Factorial Designs with Random Factors

I Inference about the overall population mean (i.e. all possible
subjects and analysts)

�̂ = �Y�� = � + �� � + �� � + �� ��

I The overall sample mean is not an average of independent
observable quantities (unlike in the rails data)

var(�̂ ) =
� 2

�

a
+

� 2
�

b
+

� 2
e

ab
=

b� 2
� + a� 2

� + � 2
e

ab

I Estimate the variance of ^� by the method of moments

cvar(�̂ ) =
MSA + MSB − MSE

ab
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Factorial Designs with Random Factors

I For the plaque experiment data

cvar(�̂ ) =
16:618 + 0:441− 0:023

9
= 1 :893

I Variance estimate is a linear combination of mean squares
I The t-statistic for inference about� does not have a

t-distribution
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Factorial Designs with Random Factors

I Use an approximate t-distribution with degrees of freedom
given bySatterthwaite’s approximation.

I General formulation is as follows. Suppose the variance
estimate is

cvar =
kX

i=1

ci MSi

Then the approximate degrees of freedom for the t-statisticis

f =

� P k
i=1 ci MSi

� 2

P k
i=1 c2

i MS2
i =fi

where MSi has degrees of freedomfi .
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Factorial Designs with Random Factors

I In the plaque datac1 = c2 = 1=ab and c3 = −1=ab. So

f =
(16:618 + 0:441− 0:023)2

(16:6182=2) + (0 :4412=2) + (0 :0232=4)
= 2 :100398

I It is not necessary for the degrees of freedom to be an integer.
I A 95% con�dence interval for the mean DNA content over

the population of subjects and of analysts is

�̂ ± t(0:025; 2:1) se(^� ) = 10 :39± (4:11)
√

1:893 = (4:74; 16:04)
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