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Abstract

Formulas for constructing valid pointwise confidence bands for survival
distributions, estimated using unequal probability samples, are derived. In
addition, a test statistic for comparing estimated survival distributions from
several groups is proposed. The methodology can be applied when survival
times are subject to an independent censoring mechanism. The methods are
illustrated using data from the Panel Survey on Income Dynamics on time
until first home purchase, broken down by race and education level.

1 Introduction

Survey data is often collected, either intentionally or unintentionally, using an un-
equal probability sampling scheme. Individuals with certain characteristics are
more or less likely to be included in the sample than others. In practice the se-
lection probabilities for various subgroups may be unknown in advance, but may
be estimated after the fact; for example, by calibrating post-stratification rates
to known population proportions from the complete census. Information about

the unequal selection probabilities is often provided to the public in the form of
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“sampling weights” which must be taken into account when estimating marginal
properties of the population.

Thoughout this paper we assume the following, idealized, probability sam-
pling model. Suppose that the population of interest is divided$hstrata, with
a proportionr, coming from stratums. Individuals are selected by first choosing a
stratum using probabilities, . . . , 75, and then selecting an individual at random
from the chosen stratum. We suppose that the population is large enough that
the difference between with and without replacement sampling is negligible. The
sampling weights associated with individuals from the different strata are then
proportional to the ratiosy, /75, 9 = 1, ..., S.

As noted above the selection probabilities must be taken into account when
estimating marginal characteristics. For example, suppose we want to estimate
the proportion of the population to whom a certain “event” has happened. Let
E; be an event indicator associated with thie sampled individual. Then, the
population characteristic of interestis= Pr(E; = 1). It is straightforward to
verify that an unbiased estimate Bfbased on a sample of sizds

.\ 1 e 7.
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wheres; is the stratum from which thé&h individual is selected. This is, in fact,

K3

the infinite population version of the famous Horwitz-Thompson estimator (see
e.g. Cochran, 1977, Section 9.A.7), and is consistentf@s the sample size
increases. If the probability ratios in (1) are unknown, but proportional sampling
weights,w; « g, /75, i = 1,...,n, are available for sampled individuals, a
consistent estimate df is obtained as a ratio of two means,
P %12%1 wiks;
2D el Wi

In this paper we develop methods for incorporating sampling weights into the

analysis of discrete time-to-event data. Specifically, in Section 2 we modify the
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standard survival function estimate based on a life table to account for individ-

ual sampling weights. In Section 3 we use the delta method to derive standard
error formulas which may be used to construst pointwise confidence bands for
the survival function, and in Section 4 we propose a test-statistic for comparing

several survival functions based on data from different groups. We illustrate the
proposed methodology in Section 5 using data on homeownership taken from the
Panel Study of Income Dynamics (Hill, 1992). We conclude with some discussion

of the appropriateness of our sampling model in practice.

2 Application to Life Table Analysis

In longitudinal surveys it is often of interest to estimate a “survival” curve for
the population. What proportion of the population survive beyondjthdime
interval without a particular event happening? This probability can be represented
as

Qi =qq g, (2)

whereg, is the probability of surviving theth interval, given that you survived
until the end of the previous one. The distribution function for the time-to-event,
corresponding to (2), isgiven by, =1 - Q;,7=1,2,....
Let i;; be the indicator that the theindividual is “at risk” at the beginning
of interval j, and lett;; be the indicator that the event occurs in interyal et
R; denote the set of individuals at risk (the risk set) at the beginning of intgrval
Then,q¢; =1 — p;, where
Pr(Ey;=1,ic R;)  Pr(Ej;=1)
Pr(i € Rj) Pr(i € Rj)
It follows from (1) that a consistent estimateygfis given by

1§57 s
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Clearly, the proportionality constant associated with the sampling weights cancels
out in the calculation of; in (4). Note thap; is a ratio of two sample mearﬁf

and ﬂf, say, that are unbiased estimates of their corresponding population values
p¥ andyf. Also, note that

i = D wilRy — Eij) Yo wiltijn
! > iy Wil > iy Wil

implies

n
A i Wil

Thus, in the unweighted (unit weight) caf% is simply the proportion of indi-
viduals who survive until the beginning of ti¢ + 1)st interval.

If some individuals are censored or withdraw during ftfeinterval, the esti-
mate (4) will tend to underestimage. Under the assumption that censoring times
are independent of the times to the event of interest, we propose the following
adjustment tg,,

e wiBy  pF

p] 1 n x  ~R*
zz7;:1 wiRij K

where i}, = R;; — Cy;/2, andCy; is a censoring/withdrawal indicator for the
ith individual in intervalj. This reduces to the standard actuarial adjustment in
the unweighted case (Kalbfleisch & Prentice, 1980, Section 1.3). As in the un-
weighted casep; is asymptotically biased as an estimatorppf However, as
noted by Lawless (2003, Section 3.6.2), “the standard life table estimates are ac-
ceptable under random independent censorship provided that censoring is fairly
evenly distributed across individual intervals and not too heavy.”

The survival function estimator discussed in this section can be computed us-
ing standard software by creating integer sampling weights, and treating them as
observed frequencies (for example, using the frequency option in the SAS (2003)
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lifetest procedure). This can be accomplished in practice by multiplying the sam-
pling weights provided by a large positive constant and then rounding to the near-
est integer. The problem with this approach is that it artificially inflates the sample
size, with the result that standard errors and test statistics produced by the software

are invalid.

3 Standard Errors and Confidence Bands

Since the estimate @; is a product of ratios of means, standard errors for con-
structing confidence bands for the survival function can be estimated using the
delta method (Stuart & Ord, 1994, Section 10.5-7). However, the application
of the delta method with weighted survival data is slighty different from the un-
weighted case described in standard texts such as Kalbfleisch & Prentice (1980)
or Lawless (2003). Specifically, singeis a ratio of two means, an exact variance
formula is not available. In contrast, in the unweighted ggss (conditionally)

a binomial proportion whose variance has a known form.

As in the unweighted case, the estimatgrs, . ., p;, are asymptotically un-
correlated. To see this, defidé = {(w;E;;, w;R;;,w;Cy;), j = 1,2,...}, and
notice thatH,, ..., H, are i.i.d.. Also, defing<(j) = {(i, H;),i ¢ R;}. Thus,

H(j) represents the “history” of the sampled individuals up until the beginning of
the jth interval. Now, the linear approximation,

. I X 1 <«
P~ o+ —g (A = piil) = pj+ —5 > wi(Ey; — piRyj) (5)
Hj LS —



implies, forj < k,
1

nplpl
1
= mE (B {w;i(Ei; — pjRij)wi( By — prRir) | H(E)}]
Hy
1
= m L (wi(Ei; — pjRij) E{wi(Eigx — peRix) | H(k)}]
My

= 0.

cov(pj, Pr) ~ 7 EA{wi(Ei; — pjRij)wi( By — peRx) }

(Technically, this argument shows that €0y pi.) = o(1/n).) The same argument
works when there is censoring, withreplaced byiz*, andp; replaced by, the
asymptotic limit ofp;.

The approximation (5) leads to a variance formulagfpgiven by

R 1
var(p;) ~ ——g—= B {wi(Ey; —piRy)}* (6)
n(pg)?
and its estimator
Varp] AR Z{wz i pj z])} . (7)
(i) =
To obtain a variance formula for the survival probabilities we use the linear ap-
proximation
) j
o -T[0-m~a -3 (qu) n).
i=1 i=1 \k#i

Hence, since thg;’s are asymptotically uncorrelated, the delta method implies
the approximate variance formula,

var(Q Z (H qk> var(p;) = Q3 var(zﬁ i) (8)

i=1 \k#i i=1 %

An asymptotic confidence interval fg}; based on using (8) directly @j +
z X §e(Qj), where “se” denotes standard error, and a quantile of the standard
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normal distribution. It is well known that this direct method can yield nonsensical
limits, outside of the unit interval, especially whé}} is close to zero or one.
Hence, it is standard practice (Kalbfleisch & Prentice, 1980, p.14) to calculate
the interval for the transformed parametér = log(—log @;), which has an
unrestricted range, and then transform back. This results in confidence limits for

Q; given by
Qe;xp[izxédm

J

where sé¢V;) = s€Q,)/|Q;log Q,|. Even with this modification it is possible
that the confidence bands for the survival function may not be monotone, espe-
cially in the tail of the distribution where data may be scarce. Thus, we also sug-
gest following the standard practice of enforcing monotonicity (Anderson et al.,
1992, pp. 215-216).

4 Comparison of Distribution Functions

Suppose the subjects in the sample can be separate@ imgtoups, for example,
based on years of education. In this section we propose a test statistic for contrast-
ing the distribution function estimates from the different groups. We use the same
notation introduced in the previous section, except that an additional subggript
is added to identify the group. Thus, for examplg, is the probability that the
event of interest occurs during thth time interval for individuals in group, con-
ditional on their being at risk a the beginning of the interval. An estimate of this
probability is given by the ratig,” /5% (or il /il if there is some censoring).

The combined estimate of the event occuring in time intefyaksed on the
data from all the groups, is given by

G ~B
1 n ;
]5' _ Zg—l gﬂgg . (9)

J G ~R
29:1 Ngly;
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A measure of the discrepancy between the distribution in a particular group and
the combined distribution is given by the quantity

Ay = Z ng(ﬂfj - ﬁjﬂg}) . (20)

J
Note that (9) implies thap_ A, = 0. Let A = (Ay,...,Ag)’, and letX de-
note the estimate of the variance-covariance matrix obbtained using the delta
method. (An asymptotic formula fot is given in the Appendix.) Then, a test
of the hypothesis of no difference between groups (homogeneity) is obtained by
comparing the statistic,

Vv =ASA, (11)

whereX~ is a generalized inverse @f, to a chi-squared distribution with — 1
degrees of freedom.

5 Application to Homeownership

The Panel Study of Income Dynamics (PSID) is a nationally representative, lon-
gitudinal sample of households and families interviewed since 1968 (Hill, 1992).
It constitutes the longest running panel data set in the United States, and was
specifically designed to track social dynamics over time. Since the PSID employs
an unequal probability sampling scheme, each sampled individual is assigned a
weight to correct for sampling bias.

In this section we use a subset of the PSID database to illustrate the methods
described in this paper. Specifically, we focus on the distribution of the number
of years to first home ownership among individuals who were renters at age 25,
and how this distribution depends upon race (Black or White) and education (
12, 12, or > 12 years). Summary statistics for the sampling weights in the six
race/education categories are provided in Table 1. The overall sample sizes clearly
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indicate that blacks were oversampled, and this is reflected in their lower average
sampling weights. Also note that there is considerable amount of variability in the
sampling weights within each race/education category.

Education Level
< 12 12 > 12 Overall

Blacks

Sample size 734 1017 498 2249
Meanweight 6.00 6.14 8.23 6.56

Std.Dev. 9.42 9.36 1293 10.31
Whites

Sample size 768 1375 1242 3385
Mean weight 26.46 27.90 30.46 28.51
Std.Dev. 983 9.22 8.34 9.19

Table 1: Summary statistics for individual sampling weights by race and years of
education.

The upper panels in Figure 1 show the estimated distributions of time to first
homeownership among whites and blacks along with 95% pointwise confidence
bands. The distributions are clearly different, with blacks tending to take longer
to purchase their first home. For example, about 80% of whites have been home-
owners by age 35, compared with about 50% of blacks. The confidence bands are
wider for the black distribution, in part because of the smaller sample size, but
also because of the higher censoring rate (1088 blacks censored compared with
586 whites).

The lower panels in Figure 1 show the distribution function estimates broken
down by education. Among whites, the distributions appear to be very consistent
across education levels. The chisquared statistic discussed in Section 4 is 13.1
with 2 degrees of freedom in this case, indicating statistically significant differ-
ences among the education categories. This is not surprising given the relatively
large sample sizes, and consequential high power of the test. There are much



larger differences in the distributions among blacks by education, resulting in a
larger chisquared statistic of 19.9 with 2 degrees of freedom. Here the distribu-
tions appear to be stochastically ordered with the probability of homeownership
increasing with education level, particularly in the 35 to 45 age range.

6 Discussion

We have proposed methods for utilizing sampling weights when analyzing time-
to-event data, based on a simple unequal probability sampling model. While this
model may not exactly reflect the sampling process, we contend that it serves
as a reasonable probabilistic approximation under a variety of realistic sampling
schemes. Itis clear, for example, that the methods are valid for a stratified random
sample. Suppose there are known toMemembers of stratum, and it was
possible to identify members of the various strata in advance. If a predetermined
number,n,, of individuals from statuns are selected, then the estimateppfin
(4), and its asymptotic variance given in (6), remain unchanged withnd 7,
replaced by the corresponding proportioNs/ N andng/n.

In practice, separate sampling frames for the different strata will typically not
be available. A more realistic sampling scheme might involve takingi}, sam-
ples (of say households) in a collection of districts or regidns, 1,..., D. The
value ofk,; may be varied in order to oversample certain groups based on known
demographics for the different districts. With this scheme the sample sizese
unknown in advance, and so the marginal selection probabilities= 1, ..., 5,
must be estimated based on post-stratification rates. Methods that account for the
estimation of the sampling weights would be considerably more complicated than
those discussed in this paper. It is not clear to what extent such an extension is
important, but it is an interesting topic worthy of further study.
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Appendix
An asymptotic formula for the variance-covariance mafrixdefined in Section 4
can be obtained using the delta method. Notethat= > . A,;, where

Bgj = ng(fig; = ifigy) = nglitg; = piftg; — Diiigy) + constant

and that
~NE
. 1 - 1
pi=—=% ~ pj+-—7giF —piplt) + —5uF —pipl)
My j H;
1 ¢ n
= pit—w Xg(ﬂf‘j — pjjil}) + constant
’u] g=1
It follows that,
pr Mg
_ Do W(ﬂkEj — pjii;) ¢ +constant (A1)

~ ~ B ~R
Agj ~ny {(ng — Djily;) R
Hj k=1

The arguments in Section 3 imply that
COMfig; — Pty ftgr. — Pifig) = 0.
Hence, equation A.1implies vak,) ~ >, var(A,;) and cofA,, Ap) ~ > COM(Ay;, Apy),

where
2
R
Ay = m2d (1295 e — et
var(Ag;) My nuk var(fiy; — piilg;)
J
2
R
Hg; ng '\ 2 . N
+ (22 Z(—) var(ii; — i) ¢
; n
k#g
and
R, R G
HgjHhj ng\? A >
COV(Agj, Anj) ”Q”h{ (ZZR)QJ > (7) var(ii; = pific;)
i) k=1
R
ng . N “ n h ~ ~
— f{ var(ufj — pj,uffj) — Rj Var(/tfj - pjﬂfj)
n; My
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Distribution of years to first homeownership
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Figure 1: Upper panels show estimated distribution functions with pointwise 95%
confidence limits. Lower panels show estimates for three education categories:
highschool dropout (black), highschool graduate (red), and some college (blue)
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