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ABSTRACT
There has historically been very little concern with extrapola-

tion in Machine Learning, yet extrapolation can be critical to di-
agnose. Predictor functions are almost always learned on a set of
highly correlated data comprising a very small segment of predic-
tor space. Moreover, flexible predictors, by their very nature, are
not controlled at points of extrapolation. This becomes a problem
for diagnostic tools that require evaluation on a product distribu-
tion. It is also an issue when we are trying to optimize a response
over some variable in the input space. Finally, it can be a problem
in non-static systems in which the underlying predictor distribution
gradually drifts with time or when typographical errors misrecord
the values of some predictors.

We present a diagnosis for extrapolation as a statistical test for
a point originating from the data distribution as opposed to a null
hypothesis uniform distribution. This allows us to employ general
classification methods for estimating such a test statistic. Further,
we observe that CART can be modified to accept an exact distri-
bution as an argument, providing a better classification tool which
becomes our extrapolation-detection procedure. We explore some
of the advantages of this approach and present examples of its prac-
tical application.
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1. INTRODUCTION
Most Machine Learning algorithms are trained on real-world

data which exhibit strong and complex dependence structures among
predictor variables. These properties are particularly notable in the
common scenario that the predictor space is very high-dimensional.
This situation means that most learning algorithms only see data
in a very small, often complicated region of the hyper-rectangle
bounding the ranges of the data.

Most learners also do not specify the behavior of their resulting
functions away from a training sample. They are usually designed
to be universal approximators – or as close as is practical – and
have minimal modeling restrictions. This, in turn, provides very
little prior control of the function in regions of little or no data. As
a result, in most Machine Learning settings, we can neither control
the behavior of the prediction function at points of extrapolation,
nor determine where this is a problem.

Nominally, extrapolation should not be an issue; assuming a rep-
resentative training sample in a static system, the probability of
being required to predict a point of extrapolation is low, almost by
definition. However, most training sets are not representative, do
not come from static systems and we may well be required to ex-
trapolate. In high dimensions, even empirical data generated from
a product distribution can appear to have strong correlation struc-
ture. Since functions are learned conditional on an empirical sam-
ple, they may still be effectively extrapolating even in regions of
theoretically large density.

Even when extrapolation is not an issue for prediction, it does
become a problem in two situations. Firstly, when trying to un-
derstand the behavior of learned prediction functions, many diag-
nostic tools implicitly require the evaluation of the function on a
measure in which the set of variables of interest are independent of
its complement. Such an assumption can move a large amount of
probability mass into regions of extrapolation, giving these regions
undue influence over a representation of functional behavior.

The second situation in which extrapolation is a direct issue is
when one or more predictor variables can be controlled. In this case
an agency might want to search over the values of those variables in
order to optimize a response. If there is strong historical correlation
between these variables and the rest of the predictors (which remain
fixed), such a search will involve extrapolation.

We present a new tool to address the first issue; how do we deter-
mine whether a given point in predictor space is a point of extrapo-
lation? Such a determination has multiple uses. It represents a new
diagnostic for outliers, both in the training data set and in unseen
data. It provides a diagnostic for shifts in system dynamics; we
can quantify how much extrapolation we are seeing and whether
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Figure 1: An example distribution with strong extrapolation.
The square at(4, 4) represents a point of extrapolation which
is difficult to diagnose.

or not the rate of extrapolation is increasing. Such an observation
suggests a shift in the distribution of the predictor variables and a
need to retrain the model. We will show that this tool provides an
interpretable density estimate in high dimensions, giving a rough
diagnostic for non-linear covariance structures. Finally, in produc-
ing a rough estimate of the distribution of the training data, it pro-
vides an important element in building diagnostic techniques that
are resistant to bad extrapolation.

2. PROBLEMS OF EXTRAPOLATION

2.1 Extrapolation and Machine Learning
Diagnosing extrapolation is of interest in itself in terms of en-

abling an understanding of the distribution of underlying predictor
variables. The ideas presented in this paper represent one of the
few interpretable estimates of density of which the author is aware.
In the context of Machine Learning, such a diagnostic is of added
importance. Few Machine Learning procedures are built with an
eye to extrapolation. This approach has two main consequences:

• Uncontrolled extrapolation can create obviously unrealistic
predictions, even in superficially reasonable points of pre-
dictor space.

• Prediction at points of extrapolation exhibits high variance
under perturbations of the training data, even when the pre-
dicted values appear reasonable.

We will illustrate this issue with the aid of a bivariate distribution
given in Figure 1. The association structure given there consists of
an “arm” along each axis and is similar to that found in the Boston
Housing Data, [3], which will be used as an example below. Our
canonical point of extrapolation for the purpose of this exposition
is (4, 4): clearly different from the remainder of the distribution,
but within its convex hull.

To demonstrate that unreasonable predictions can occur, con-
sider the linear modelf(x1, x2) = x1 + x2; the response at this
point is 8. However, if we extend this structure to 5 dimensions –
placing an “arm” on each axis – the response at the equivalent point
is 20: already double the response for any point within the real dis-
tribution. This may not be an issue if we genuinely believe in the
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Figure 2: A histogram of CART predictions (left) at (4, 4) point
for 100 samples from the data given in Figure 1 and response
x1−x2+ε. The right hand plot gives a histogram of predictions
from a 2-20-1 neural network. Both are highly variable.

linear model on the whole space. A more flexible model that does
not incorporate a strong prior belief can provide worse extrapola-
tion without reason to believe its predictions far away from training
data.

In many instances, extreme predictions are obviously nonsensi-
cal and are therefore easy to diagnose. However, that diagnosis
does not account for the variance of predictive functions when re-
trained with different data. This is illustrated in Figure 2 using trees
and neural networks, both of which have finite bounds on the pre-
dictions they give. We used 200 points with the same distribution as
above, generating responsex1−x2+ε with ε ∼ N(0, 0.04) to train
a tree and a 2-20-1 neural network 100 times using different sam-
ples each time. Figure 2 provides histograms for the predictions
of each model at the point(4, 4). These demonstrate very high
variance. Trees produce strongly bimodal predictions, depending
on what “arm” is split first. Neural networks have many parame-
ter values that produce similar predictions on the training data but
which diverge sharply away from it.

2.2 Deliberate Evaluation at Extrapolation
As noted, extrapolation is not nominally a concern for a static

system with a representative training sample that is large with re-
spect to its dimensionality. This is not common in data mining
situations and even in this case, there are at least two situations in
which prediction functions may be deliberately evaluated at points
of extrapolation.

The first of these is when one of the predictor variables can be
controlled by an agency. This might be the case, for example, for
a credit agency dealing with customers who default on payments.
One predictor of payment is the action that the agency takes to re-
mind a customer that the payment is due: the frequency of letters,
telephone calls, personal visits etc. Historically, the more severe
the problem, the more extreme the action taken. If the agency then
wants to build a predictor system for the probability of default so
that they can choose a most cost-effective action, searching over
the action space will evaluate the function at points of extrapola-
tion. In Figure 1,x1 might represent an amount paid withx2 being
the reminder action taken. Then a search over actionsx2 atx1 = 4
will evaluate at(4, k) for k ∈ [1, 10]. A diagnostic tool for extrap-
olation will at least allow such a procedure to flag predicted values
that are untrustworthy. It also provides a diagnostic for areas of
the predictor space in which the agency can conduct experiments
to better gage a response.

The second scenario in which functions are deliberately evalu-
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ated at points of extrapolation is in the use of diagnostic tools. A
popular tool for understanding prediction functions is the Partial
Dependence Plot, developed in the context of ensemble methods
using trees. [2] defines the partial dependence of a functionF (z)
on zl – a subset of the variables – to beF (zl, z\l), averaged over
the marginal distribution ofz\l, the remaining predictors. There
is a natural data-driven approximation for this quantity ofF on zl

given by

1

N

N∑
i=1

F (zl, zi,\l) (1)

which makes the shift in probability mass clear. Even if the distri-
bution ofz\l is highly concentrated atzl, we still measureF on all
the points{zl, zi,\l}N

i=1.
As an empirical demonstration of the dangers of extrapolating,

consider the following example. Take the distribution in Figure 1
and let us suppose that we have an estimate

g(x1, x2) = x1 + x2 + (x1 − 1)2+(x2 − 1)2+.

for an expected responsef(x1, x2) = x1 + x2. f has been re-
covered exactly on the training data distribution, but has a spurious
term which only appears in a region of zero probability. This sort of
term can be found, for example in MARS [4], and might arise due
to a single outlying data point. Despite not wishing to capture this
spurious effect, the partial dependence plot moves a large fraction
of probability mass into the empty region where it occurs. The par-
tial dependence ofg on x1 is plotted in Figure 3. It is clear in this
case that the partial dependence plot is unrepresentative of the true
behavior of the function as we changex1. At the pointx1 = 9, say,
we are still averaging{F (9, xi,2)}200

i=1 even though these points can
be very far away from any of the original data points.
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Figure 3: The partial dependence plot ofg on x; the lower line
represents the target functiony = x, here almost horizontal
due to the size of the spurious effect.

3. A MEASURE OF EXTRAPOLATION
We propose to measure an extrapolation quotient as being the

Neymann-Pearson test statistic at the point of interest for distin-
guishing the data distribution from a uniform distribution null hy-
pothesis on the same range. Given the true data distribution and the
uniform, this is the test with minimum theoretical misclassifica-
tion rate. It is equivalent to the classification probability of a point
being generated by the process generating the empirical data as op-
posed to the uniform distribution with each distribution is given

prior probability of one half. Formally:

Extrap(x) =
P̂ (x)

P̂ (x) + U(x)
. (2)

Here,P̂ is an approximation to the data distributionP , which has
compact support. This would normally be an empirical approxima-
tion given a data set. More formally, however, a distribution with
non-bounded support can be truncated so as to leave some small
probability mass outside the support.U is then a uniform distribu-
tion on the range of the support of̂P .

This approach has a number of advantages. We formalize the
question,“Is this a point of extrapolation?” to a test:“Would we
choose to believe this point to be generated from the same distribu-
tion as the training data or from a uniform distribution?”Here we
wish to determine if a new data point indicates a move away from
the processes generating the training data and, if so, assess how
much confidence can be placed in the predictions that our learned
function produces.

We have chosen the uniform distribution as a natural null hy-
pothesis in the sense that it is least informative about how a point
of extrapolation might be generated. It also corresponds to a best-
case underlying distribution from the point of view of extrapolation
- the coverage of the space may be sparse, but it provides the same
confidence in predicted values at all areas of the space. This gives
us that Extrap(x) ≥ 1/2 indicates that we are in an area of rela-
tively dense points. If not, then some caution is warranted in using
a predicted value1. We will also see that the uniform distribution is
computationally convenient to use in the procedures below.

A further advantage is that under this framework, Extrap(x) may
be coarsely estimated using generic classification tools. This avoids
the need to find a good density estimation algorithm. Of course, the
density can be recovered from the classifier using the approach in
[4]:

P̂ (x) =
Extrap(x)U(x)

1− Extrap(x)
.

The use of a score for extrapolation is advantageous over a simple
classification for several reasons. To begin with, it provides a sense
of the relative density of training points - a handful of very sparsely
distributed points in some region may increase the confidence we
place in a prediction, but not as much as having many training ex-
amples nearby. A confidence score can be used when searching
over possible actions to weigh the potential gain from each action.
It is also possible to design diagnostic tools that make use of a score
to provide low dimensional plots which will capture more behavior
than a simple classification of outliers [5]. Of course, when such a
classification is required, a simple cutoff can be applied.

4. CONFIDENCE AND EXTRAPOLATION
REPRESENTATION TREES (CERT)

We propose to estimate (2) directly via a classification tool. In
particular, we feel that tree-based methods provide a useful frame-
work in which to do this. Particular advantages of this approach
include

• Interpretability, and in particular an interpretable set of re-
gions in which to display summary diagnostics for functional
behaviour. This is demonstrated in Figure 7

1The confidence placed in predictions, of course, must be tempered
with the overall ratio of the number of points to number of dimen-
sions. This can be done directly for a uniform distribution, treated
like a prior; the measurement here represents a refinement on that
confidence.
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• The resulting regions are hyper-rectangles. For more sophis-
ticated diagnostic tools, the leaves of the tree can be turned
into product measures, providing a mixture-of-products ap-
proximation to the data density.

• Trees are both computationally efficient and a known and
accepted part of machine learning, making the understanding
of a new diagnostic tool easier.

• Trees can take a known distribution as an argument. In par-
ticular, we are able to classify a data distribution against a
theoretical distribution. This provides a marked improve-
ment in the resulting estimation.

4.1 Monte-Carlo Data and the Curse of
Dimensionality

An initial proposal might be to simulate a random sample from a
uniform distribution and then use CART [1] to classify the two data
sets. This approach, however, turns out to produce highly variable
measures. Moreover, in high-dimensional situations in which real
data occupies a space of small Lebesgue measure, a tree will of-
ten be able to exactly separate the real data from a Monte-Carlo
uniform sample long before it captures the distribution of the real
data. This situation has the potential to leave regions of extrapola-
tion marked as regions of confidence.

By way of illustration, considerN points drawn from a multi-
variate “porcupine” distribution,P1, given as the natural extension
of the example distribution in Figure 1: one arm extending along
each axis. For simplicity, the arms will only extend two units. The
support ofP1 hasU(0, 2)n measuren+1

2n and requires2n(n − 1)
splits to define. Define a new densityP2 by taking the firstk pre-
dictors as independent given the rest - filling in their marginal dis-
tributions. Using Monte Carlo uniform data, in order to distinguish
between these two distributions, a classifier needs to see a point in
the support ofP2 but notP1. The probability of this is

1−
(

1− 2k(n− k + 1)− n− 1

2n

)N

.

We requireN to scale linearly withn for this probability to remain
constant. However, there are

(
n

n−k

)
alternative distributions that

can be defined this way, so the probability of producing a tree that
does not describe all the detail ofP1 is large. This means that
a method based on a Monte Carlo uniform sample will not be as
powerful as one that “knows” the uniform distribution exactly.

4.2 CART and Distributional Information
Trees are capable of taking an exact distribution as an argument

instead of an empirical data set. For each split, we merely replace
the number of Monte-Carlo uniform data points on each side of
the split with the expected number. This both reduces sources of
variance in the original data and allows a much finer approximation
to the empirical data density.

To illustrate this point, the results of a simulation are reproduced
in Figures 4 and 5. We simulated 50 data sets of 1000 points with
a Gaussian distribution in 5 dimensions. We then used CART to
classify them away from another 1000 points, uniformly distributed
on the empirical range of the data. A tree was also built for each of
the data sets using the technique described above. Figures 4 and 5
compare their accuracy, stability, and resolution on a further set of
1000 normally and 1000 uniformly distributed points.

For these instances the trees were pruned in a standard manner
- using the 1 standard error rule and cross validation for the stan-
dard CART trees. A separate test set of normally distributed points
along with the expected uniform points was used to prune the trees
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Figure 4: Performance for CART with Monte Carlo uniform
samples (solid) and with uniform expectations (hollow). Aver-
age accuracy is plotted on thex axis for pairs of trees against
diversity on the y axis, measured by the proportion of points
classified differently.
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Figure 5: Performance for CART with Monte Carlo uniform
samples (solid) and uniform expectations (hollow). Misclassi-
fication accuracy is plotted for individual trees on thex axis
against size of tree given by number of nodes on they axis.

incorporating distributional information. It can be seen from these
experiments that the use of distributional information improves the
trees in all three dimensions, providing improved classification per-
formance, greater classification stability and greater resolution.

5. CERT DETAILS
There are several components to the CART algorithm, not all

of which are necessarily appropriate in this setting. This section
provides a list of specific criteria included in CERT.

5.1 Splitting Criteria
All tree-building algorithms use a greedy search strategy, pick-

ing the next split on some score. CART uses the Gini index, also
employed in CERT. C4.5 [6] uses binomial entropy.
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5.2 Pruning
The CART procedure builds a large tree and then “prunes” it -

removing lower splits which do not increase predictive accuracy.
In CART the amount of pruning done is chosen based on cross-
validated misclassification error. The trees used here have been
pruned based on test-set misclassification error.

Alternative scores can be employed for different purposes. If an
estimate of density is required, then using binomial entropy calcu-
lated by a test set may provide more accuracy. Empirically, it leads
to larger trees. Alternatively, a measure of independence between
variables may be useful for developing a representation that can be
used with diagnostic tools.

A final possibility for some applications is the C4.5 rule-pruning
strategy which does not maintain the tree structure. The density
model produced from this approach now takes the form of a mix-
ture of overlapping uniform distributions, also indicating a poten-
tial fuzzy clustering.

5.3 Missing Values and Surrogate Splits
When missing values are encountered on new data which are

required at some split, CART tries to determine which branch to
follow based on correlations between predictor variables. This uses
a technique called surrogate splits. CERT diverges from CART on
this issue and we employ the strategy of C4.5. Suppose that we are
missingxi, then the natural measure of extrapolation should be

Extrap(x−i) =
P (x−i)

P (x−i) + U(x−i)

This can be written alternatively as

P (D|x−i) =

K∑
k=1

P (D|Lk)P (Lk|x−i),

whereD is an indicator thatx was generated from the data distribu-
tion and{L}K

k=1 represent the terminal nodes of the tree. Now we
observe thatP (Lk|x−i) is exactly the weight given to each leaf if
we traverse the tree according to the C4.5 strategy - going left and
right at splits involvingxi with probability equal to the proportion
of total (real and uniform) weight in that direction.

6. OUTLIER DETECTION
An obvious first use for any measure of extrapolation is as an

outlier detection device. We will simply call a pointx an outlier if
Extrap(x) is less than some constantC. Figure 6 compares the per-
formance of CERT with the common technique of excluding points
based on their Mahalanobis distance (with the training covariance)
from the mean of the training data. We have chosen two distri-
butions to test this. The first is a 5-dimensional Gaussian with a
tri-diagonal correlation matrix that takes 0.3 on the off-diagonals.
Mahalanobis distance should be optimal for this situation. The sec-
ond is a 5-dimensional extension of the distribution from§2 - an
“arm” extending along each axis, which should be well-described
by CERT. We used 200 training examples and outliers were gen-
erated by a uniform distribution. In order that the performance of
the two methods be comparable, we have drawn new sample from
the training distribution and plotted the percentage of misclassified
“outliers” against the percentage of misclassified “real” examples.

From Figure 6 we can see that Mahalanobis does, as expected,
outperform CERT on a multivariate Gaussian. This discrepancy be-
comes larger as the correlation between variables becomes stronger.
CART allows splits to be made on linear combinations of variables
– although that option is rarely used – and employing this with
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Figure 6: Performance of outlier detection techniques. CERT
(solid) and Mahalanobis distance (dashed) on a multivariate
Gaussian (left) and porcupine distribution (right). When the
distribution of data is non-convex, CERT has a significant per-
formance advantage.

CERT should improve CERT’s performance. For an independent
Gaussian distributions the performance of the two methods is much
closer. Having more training examples also improves the relative
performance of CERT. In our second distribution, however, it is
quite clear that CERT outperforms Mahalanobis distance; any el-
lipsoid that tries to span the training data in this case will inevitably
contain large amounts of empty space.

Although we do not present results here, given a measure of ex-
trapolation, concept drift can be measured by the amount of ex-
trapolation occurring. If the sum of extrapolation scores taken over
some period shows an increase beyond an acceptable level, there
is good reason to retrain the model. CERT can also be used in
this context to indicate into which regions the underlying predictor
distribution is moving.

7. DESCRIPTIVE STATISTICS
Beyond the utility of being able to detect extrapolation well, di-

agnostic tools can also be helpful in understanding where the train-
ing data lies and the associations that exist between variables. A
large factor in the choice of trees as a classification tool is that
they provide an interpretable set of regions in which to examine
the behavior of a learned function. These regions remain high-
dimensional and do not admit any easier display of a function.
However, they do allow us to provide a summary of the behav-
ior of a function within that region. Descriptive statistics such as
function means and variances on each region as well as the pro-
portion of original data points in a region provide an assessment of
how serious extrapolation may be. In particular, it diagnoses areas
where large Gibbs effects occur and allow us to artificially smooth
the function, or to flag predictions within those regions as suspect.

In Figure 7 below, we present the graphical representation of
the underlying predictor space for the Boston Housing data. In
particular, for each leafl, we report four numbers in order:

• The number of real data points in the leaf,Nl.

• The expected number of uniform points in the leaf,Ul.

• The mean value of a prediction function evaluated on a uni-
form sample in that leaf,µl.

• The variance of the function evaluated on the same uniform
sample,σ2

l .
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We would then be concerned about predictions in leaves with a
small number of real data points. This concern would be strength-
ened if we observe a large variance or an extreme mean in that
leaf. Such concern incorporates a heuristic belief that predictions
are likely to be highly variable with resampling of the training data
in regions whereF̂ changes a great deal without data supporting
such variation.

It is tempting to produce a pseudo-prediction interval:

F (x)± Φ−1(α/2)
varΩx(F )

Nx
. (3)

HerevarΩx(F ) represents

var(F (x)|F, x ∈ Ωx)

whereΩx is the leaf of the CERT model that containsx andNx

represents the number of training samples in that leaf. This variance
is also scaled by the Lebesgue measure ofΩx. This interval would
formalize a belief that

var{xi}n
i=1

(
F̂ (x; {xi}n

i=1)
)
∼
|| d

dx
F (x)||2

NP (x)
,

which is assumed to be approximately constant in each leaf. (3) is
then aδ-method estimate of this quantity.

Despite the intuitive appeal of this approach, the variance of
F (x) with respect to resampling the training data depends crucially
on the model assumptions and fitting procedures involved in pro-
ducingF and such an estimate could be highly misleading.

8. EXAMPLE: BOSTON HOUSING DATA
We used the Boston Housing Data to create a representation of

the underlying predictor space, leaving out a test set of size 50 for
pruning purposes. The resulting tree is reproduced in Figure 7. Re-
ported in the leaves of the tree are the means and variances of a
12-10-1 neural network trained on the data using the default values
of theRpackagennet [7]. Here it can be seen that the fourth leaf
from the left contains almost all the data mass. We might raise con-
cerns about predictions in the fifth and last leaves as having no data
mass and relatively low values. The first leaf, too, is problematic
in having very low data mass, yet a very high variance. Comparing
CERT and Mahalanobis distance for these data in the same man-
ner as§6 found that the probability of “outlier” misclassification
differed by at most 0.004 for any value of Type 2 error.

9. CONCLUSIONS
CERT provides a new tool in diagnosing unusual points. We

have defined a natural measure of extrapolation as being the rela-
tive likelihood of the data distribution versus a uniform distribution.
This measure may be efficiently estimated with a variant of CART,
and we have demonstrated that the inclusion of exact distributional
information aids both the accuracy and stability of the resulting es-
timate.

This tool can now be used in several settings. To begin with, it is
a straight forward diagnostic tool for high-dimensional covariance
structures in a set of predictor variables. It also aids our understand-
ing of function dynamics in areas of low data density. The measure
can be used as an outlier-detection device; we reject any data point
that is in a region of low probability. It is also a diagnostic for shifts
in system dynamics. The mixture of products representation of the
data density implied by CERT can be used to create diagnostic tools
that are resistant to extrapolation [5].

Figure 7: Tree-based density model for the Boston Housing
Data with a 12-10-1 neural network.
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